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How can students effectively learn and transfer mathematical procedures to solve new problems? Here, we
tested the effects of deliberately committing and correcting errors during mathematical problem-solving
practice on transfer of the learned procedures. In two experiments, university students were instructed on
mathematical algorithms (synthetic division and matrix multiplication) and solved practice problems during
open-book study. Learners were then tested on flexibly adapting the algorithms to solve novel problems that
were structurally more complex or embedded in “real-life” scenarios (i.e., mathematical word problems).
Deliberately committing and correcting procedural errors during problem-solving practice yielded better
transfer than errorless repeated practice (Experiment 1) or studying incorrect worked examples by finding,
explaining, and correcting the errors that one’s peers had made (Experiment 2). Yet, most learners failed to
accurately predict or recognize the advantage of deliberate erring even after the test, instead misjudging this
technique as less effective. This suggests that experiencing the benefit of deliberate erring is insufficient to
dispel learners’ metacognitive illusion that generating errors is not helpful for their learning. Overall, our
results point to the critical role of first-hand errors in mathematical learning. Relative to avoiding errors
or even studying others’ errors and juxtaposing them with the correct solutions, guiding learners to deliber-
ately commit and correct their own errors after instruction improves mathematical problem solving and
transfer.

Educational Impact and Implications Statement

Transfer of learning lies at the heart of education, but is often difficult to achieve. Here, we show in the
domain of mathematics that deliberately committing and correcting procedural errors during problem-
solving practice enhances students’ transfer of the learned procedures to solve novel, more challenging
problems. Deliberate erring was not only more effective than errorless repeated practice, but also finding,
explaining, and correcting others’ errors in incorrect worked examples. These results expand our reper-
toire of approaches to harness the power of errors for improving mathematical problem solving and
transfer in education.
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Across many knowledge domains such as mathematics (Hiebert &
Lefevre, 1986; Rittle-Johnson & Alibali, 1999; Rittle-Johnson et al.,
2001), programming (McGill & Volet, 1997), hypothesis testing

(Howe et al., 2000; Wong et al., 2019), and musical performance
(Palmer & Meyer, 2000), students must learn not only foundational
concepts or “know that,” but also the associated procedures or
“know how” (Anderson, 1976, 1982; Booth, 2011; Knowlton et al.,
2017). In mathematical problem solving, for instance, learners must
develop both conceptual understanding of mathematical principles
and procedural skill in executing action sequences to solve novel prob-
lems, which are often acquired through practice (Rittle-Johnson &
Alibali, 1999; Rittle-Johnson et al., 2001, 2015). Crucially, for learn-
ing to be meaningful, learners must be able to transfer their knowledge
and skills to new contexts (Day & Goldstone, 2012; Mayer, 2002).
Indeed, transfer of learning is widely regarded as an ultimate aim of
education (McKeough et al., 1995; Perkins & Salomon, 1992), but
is difficult to attain (Detterman, 1993; Renkl et al., 1996).

How can students effectively learn and transfer mathematical con-
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cepts and procedures to solve novel problems? Historically, behavior-
ist principles have suggested that exposure to errors may reinforce
incorrect responses and should thus be avoided during learning
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(Skinner, 1958). But contrary to this notion, a growing body of
research has shown that engaging with errors can improve learning
(for reviews, see Metcalfe, 2017; Wong & Lim, 2019), including in
the domain of mathematics (e.g., Booth et al., 2013; Durkin &
Rittle-Johnson, 2012; GroBe & Renkl, 2007; Siegler, 2002). Here,
we test the extent that the novel approach of guiding students to delib-
erately commit and correct errors during mathematical problem-
solving practice enhances learning and transfer.

Extant Approaches to Errors in Mathematical Learning

The traditional view of errors as aversive events to be avoided in learn-
ing (Ausubel, 1968; Bandura, 1986; Skinner, 1958) has become deeply
entrenched in educational systems (Metcalfe, 2017). Notwithstanding
variation across cultures (Stevenson & Stigler, 1992), some studies of
teachers’ error management behavior in classrooms have observed
that students’ errors tend to either be ignored or redirected to another
student to produce the correct answer (Santagata, 2005; Tulis, 2013).
Consequently, the student who erred loses the opportunity to correct
their error (i.e., the “Bermuda triangle of error correction™; Oser &
Spychiger, 2005). Teachers have also been found to make disparaging
responses to their students’ errors more often in mathematics classes
than other domains such as German or economics (Tulis, 2013).
Unsurprisingly, when students perceive the “error climate” in the class-
room as negative (e.g., teachers’ intolerance toward student errors),
they may react to errors in less adaptive ways that harm their academic
engagement, self-regulation, and learning (Soncini et al., 2022; Steuer
et al., 2013; see also Pekrun et al., 2002). For instance, students may
view errors as self-threatening events that evoke shame and frustration,
especially when attributed to one’s lack of ability (Brodbeck et al.,
1993; Pekrun, 2006; Weiner, 1985).

Yet, attempting to avoid errors is futile since they are inevitable in
most learning situations. Indeed, effective learning often involves
“desirable difficulties” or challenging learning conditions that may
lead to more errors as byproducts of meaningful processing, but actu-
ally yield deeper and more durable learning (Bjork, 1994). In line with
this idea, research has revealed that errors can in fact benefit learning,
especially when accompanied by corrective feedback (Metcalfe,
2017; Wong & Lim, 2019). For instance, in problem solving before
instruction (PS-I; for reviews, see Kapur, 2016; Loibl et al., 2017;
Sinha & Kapur, 2021), errors are elicited by having learners attempt
to solve novel, challenging problems before receiving instruction.
PS-I studies have found that this learning approach improves concep-
tual knowledge and transfer more than problem solving after instruc-
tion in domains such as mathematics, physics, and statistics, although
both approaches typically do not differ in their effects on procedural
knowledge (e.g., DeCaro & Rittle-Johnson, 2012; Kapur &
Bielaczyc, 2012; Schwartz et al., 2011; Schwartz & Martin, 2004).

Alternatively, learners can engage with errors during or after
instruction on to-be-learned information. For instance, research on
incorrect worked examples has tested the approach of presenting
learners with examples of incorrect solutions that they are told con-
tain common errors or misconceptions, which they must then iden-
tify and explain (for reviews, see Barbieri et al., 2023; Booth et al.,
2015). Presumably, studying incorrect examples prompts learners to
think deeply about the correct concepts, revise their faulty knowl-
edge structures, and fine-tune overly general problem-solving rules
(Ohlsson, 1996a, 1996b; VanLehn, 1999). Consequently, learners
are less likely to use incorrect procedures in the future (Siegler,

2002). Indeed, much work has shown that studying incorrect exam-
ples—either alone or with correct examples—improves conceptual
understanding, procedural skill, and transfer in mathematics, relative
to studying correct examples only or a problem-solving control (e.g.,
Adams et al., 2014; Barbieri & Booth, 2020; Booth et al., 2013;
Durkin & Rittle-Johnson, 2012; Groe & Renkl, 2007; Heemsoth
& Heinze, 2014; McLaren et al., 2015; Siegler, 2002; cf. Barbieri
et al., 2023; Pillai et al., 2020).

Whereas abundant research has investigated PS-I and incorrect
worked examples, errors can be approached in other ways to enhance
mathematical learning and problem solving. As delineated in Wong
and Lim’s (2019) Prevention—Permission—Promotion (3P) frame-
work, errors in learning can be observed, allowed, induced, or guided
when not avoided. For instance, incorrect worked examples involve
observing others’ errors without making them oneself, whereas PS-I
involves inducing errors by adding challenge to the learning task
and withholding information needed to solve it. Alternatively, an oft-
neglected approach is to guide errors by leading students to err in a
systematic and strategic way. Because guided errors are explicitly
incorporated as expected parts of the learning design and process,
they may offer a means to offset or eliminate the ego threats associated
with other errorful approaches (Lorenzet et al., 2005). In particular,
students can be guided to deliberately commit and correct errors
during problem-solving practice, even if they have already been
instructed on the correct concepts and procedures.

Learning From Deliberate Errors

Intuitively, deliberately generating errors when one already knows
the correct answers may seem to be redundant or, worse still, harm
learning by producing interference. Defying such intuitions, though,
deliberately committing and correcting errors in low-stakes contexts
has been found to enhance learning in a phenomenon known as the
derring effect (Wong & Lim, 2022a, 2022b). In the first demonstra-
tion of the derring effect (Wong & Lim, 2022b), learners studied sci-
entific term-definition concepts (e.g., “Cocktail party effect is the
selective enhancement of attention to filter out distractions”) via
open-book study by intentionally generating conceptually incorrect
definitions with or without correction, or copying and underlining
them. The key finding was that deliberate erring produced better
memory for the concepts on a cued-recall test (e.g., “What is the
cocktail party effect?”) than errorless copying, with an additional
benefit from correcting one’s errors. Moreover, learners’ deliberate
errors rarely returned at test, constituting less than 5% of their incor-
rect test responses. Thus, deliberate erring improved learning of con-
ceptual knowledge while incurring little interference cost.

Subsequent studies have extended the derring effect to meaning-
ful learning outcomes such as applying conceptual knowledge from
scientific expository texts to analyze related news events (Wong &
Lim, 2022a), and even far transfer of learned concepts to different
knowledge domains on short-answer inferential questions (Wong,
2023). Moreover, deliberate erring has been found to outperform
not only copying, but also other errorless learning techniques such
as concept-mapping and generating elaborations or examples of
to-be-learned concepts (Wong & Lim, 2022a, 2022b), and even
other errorful approaches such as spotting and correcting others’
conceptual errors (Wong, 2023).

Some theoretical accounts have been proposed to explain the der-
ring effect, although more research is needed to test the precise
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mechanisms. For instance, generating errors may enhance encoding of
their subsequent correction (Hays et al., 2013; Kornell et al., 2009;
Potts et al., 2019; Potts & Shanks, 2014), such that correcting one’s
deliberate errors yields better learning than leaving them uncorrected
(Wong & Lim, 2022b). Unlike errors induced through guessing or
PS-I, this enhanced encoding is not likely due to surprise or curiosity
(Potts etal., 2019; Potts & Shanks, 2014), since learners already know
the correct answers when deliberately erring. Rather, intentionally
committing errors may draw learners’ attention to the target response
during correction for a unique and enduring episodic memory trace
(e.g., Metcalfe & Huelser, 2020). For instance, when searching their
prior knowledge to generate responses that are definitively wrong,
learners may gain awareness of gaps in their knowledge and thus
more actively process subsequent corrective information to repair
their mental models (Wong, 2023; see also Chi, 2000; Loibl et al.,
2017; VanLehn, 1999).

In addition, deliberate erring may induce mental processes that are
not typically invited by the learning material but that enhance the
quality of its processing (Wong, 2023; Wong & Lim, 2022a; see
also McDaniel & Butler, 2011; McDaniel & Einstein, 1989 for dis-
cussions of material-appropriate processing). As compared to study-
ing correct information only, exploring incorrect responses to a
question may ironically weaken and cull those unproductive
responses, thereby facilitating future retrieval of the correct answer
(Kornell et al., 2009). Moreover, contrasting one’s errors with their
correction may highlight a concept’s diagnostic properties, in turn aid-
ing learners’ detection of knowledge gaps and deeper understanding
of inappropriate responses to be avoided for better transfer (Corral
& Carpenter, 2020; Heemsoth & Heinze, 2014; Loibl et al., 2017;
Loibl & Rummel, 2014).

Notwithstanding the promise of deliberate erring, an unresolved
question remains: To what extent does deliberate erring improve pro-
cedural skill when learning how to apply solution procedures to
solve novel problems, such as those in mathematics? Thus far, evi-
dence for the derring effect has centered on the benefits of making
deliberate conceptual errors (e.g., generating incorrect concepts)
for conceptual knowledge and transfer (Wong, 2023; Wong &
Lim, 2022a, 2022b). It remains unknown if deliberately committing
and correcting procedural errors (e.g., executing incorrect proce-
dures) improves the acquisition and transfer of learned procedures.

Some evidence from the limited research on guided errors hints at
this possibility. For instance, when learning to use a software such as
Microsoft PowerPoint, trainees have been found to benefit more
from guided error training with click-by-click instructions that
lead them into making and correcting trainer-identified common
errors, relative to error-free training with errorless click-by-click
instructions (Lorenzet et al., 2005). Notably, guided error training
led to better performance on not only skill reproduction tasks (i.e.,
reproducing skills learned during training), but also skill generaliza-
tion tasks (i.e., transferring skills to similar tasks that had not been
explicitly covered in training). By extension, guiding learners to
deliberately commit and correct self-generated procedural errors
may enhance their transfer of the learned procedures to solve
novel mathematical problems.

The Present Study

In the present pair of experiments, we tested the effects of delib-
erately committing and correcting errors during mathematical

problem-solving practice on transfer of the learned procedures.
University students were instructed on mathematical algorithms
and practiced using them to solve practice problems. Experiment 1
compared deliberate erring against errorless repeated practice—
learners practiced the algorithms by either deliberately committing
and correcting procedural errors or correctly solving each practice
problem twice. To test whether the derring effect is contingent on
personally erring oneself, Experiment 2 pitted deliberate erring
against the errorful approach of studying incorrect worked examples,
whereby learners spotted, explained, and corrected their peers’
deliberate procedural errors.

After their practice, learners underwent a transfer test that required
applying the algorithms to solve novel problems that were structur-
ally more complex. The test questions demanded adapting the
learned procedures to execute additional steps that had not been
explicitly required in the practice problems. In addition, some trans-
fer questions were embedded in scenarios that described a “real-life”
problem context (i.e., mathematical word problems). Such word
problems are often challenging because they require learners not
only to apply learned procedures, but also to construct a coherent
mental representation of the problem situation to develop a corre-
sponding solution plan (Kintsch & Greeno, 1985; Mayer &
Hegarty, 1996; Pongsakdi et al., 2020; for a recent review, see
Verschaffel et al., 2020).

Across both experiments, we further assessed students’ metacog-
nitive awareness of the learning methods’ effects on their perfor-
mance. Accurate metacognitive knowledge is vital for effective
self-regulated learning because it causally influences learners’
study choices (Metcalfe & Finn, 2008). Curiously, though, students
are often unaware of the benefits of errors for their learning (Huelser
& Metcalfe, 2012; Pan et al., 2020; Wong, 2023; Wong & Lim,
2022a, 2022b; Yang et al., 2017). Thus, in both experiments, we
used a within-subjects design to examine the relative actual versus
predicted effectiveness of the learning methods for each student.
After experiencing the learning methods during their problem-
solving practice, learners made a prediction of their test perfor-
mance. In addition, learners rated the effectiveness of the learning
methods after completing the transfer test.

Experiment 1

Experiment 1 provided the first test of the derring effect in the
learning and transfer of mathematical problem-solving procedures.
For generalizability purposes, we used two mathematical algorithms
that similarly require sequential procedures involving basic arith-
metic operations such as addition and subtraction: synthetic division
(division of polynomials) and matrix multiplication (multiplication
of matrices). Learners in our study were not expected to be highly
familiar with these algorithms although they were proficient in
basic arithmetic, as ascertained via measures of their prior knowl-
edge of the algorithms and basic mathematical ability, respectively.

A within-subjects design was used whereby for each algorithm,
learners received an instructional lesson then solved practice prob-
lems using one of two learning methods. Specifically, learners either
deliberately committed a procedural error (i.e., incorrectly applied
the action sequences for the algorithm) in their first solution attempt
for each practice problem then corrected their error by accurately
solving the problem in their second attempt (procedure-error
method) or correctly solved each practice problem twice (repeated-
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practice method). Thus, both learning methods involved practicing
each problem twice—either correctly both times or once incorrectly
then the second time correctly. To simulate naturalistic learning con-
texts in which students are typically able to refer to their textbooks or
notes during practice, all learners engaged in open-book practice in
which they were allowed to refer to printouts detailing the steps for
each algorithm. This also ensured that learners’ errors during prac-
tice were deliberately committed with knowledge of the correct
procedures.

After completing the practice problems, learners made a prediction
of their test performance. They were then tested on their transfer of the
algorithms to solve novel, more complex problems. Thereafter, learn-
ers rated the effectiveness of both learning methods.

Method
Transparency and Openness

We report how we determined our sample size, all data exclusions,
all manipulations, and all measures in the study, and we follow the
American Psychological Association Journal Article Reporting
Standards. Data and analysis code are available at https:/osf.io/
us9jb/. Materials for this study are available by emailing the corre-
sponding author. Data were analyzed using SPSS Version 26. This
study was not preregistered.

Participants

The participants were 46 university students (37 were female)
between the ages of 18 and 54 (M =22.13, SD=7.63) from the
National University of Singapore. Previous studies comparing deliberate
conceptual erring against errorless learning reported medium-to-large
effect sizes for transfer ranging from d = 0.46 to 0.77 (Wong, 2023;
Wong & Lim, 2022a). Based on the most conservative effect size, a
power analysis (G*Power; Faul et al., 2007) indicated that at least 40 par-
ticipants were required for two-tailed within-subjects pairwise compari-
sons at 80% power and o. = .05. Outcomes reported below are based on
data from 40 participants; six participants who failed to conform to the
experimental instructions were excluded from analyses.'

Both experiments were conducted with ethics approval from our
university’s Institutional Review Board. All participants provided
their written informed consent and received course credit for their
participation.

Design

The single within-subjects factor was learning method: proce-
dure-error (deliberate error commission and correction) versus
repeated-practice (errorless control condition). Participants
were first trained on both learning methods, then used them to
practice two mathematical algorithms (synthetic division vs.
matrix multiplication), respectively, within the same duration
for each method. We counterbalanced the order in which partici-
pants used both learning methods during their problem-solving
practice, as well as the pairing of algorithms with learning meth-
ods. Participants were randomly and evenly assigned to each of
the four counterbalanced sequences.

The outcome of interest was participants’ performance on a trans-
fer test, which involved applying the learned algorithms to solve
novel mathematical problems that were structurally more challeng-
ing or embedded in ‘“real-life” scenarios (i.e., mathematical word
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problems). The transfer test was blocked by algorithm, with partic-
ipants being tested first on the algorithm that they had practiced
first during the studying phase, then the second algorithm.

Materials

Basic Mathematical Ability Test. We administered the
Mathematical Prerequisites for Psychometrics scale (PMP; Galli et
al., 2008, 2011) as a measure of participants’ basic mathematical abil-
ity. The scale comprises 30 multiple-choice questions that assess
one’s proficiency in the mathematical basics necessary for success-
fully completing introductory statistics courses (e.g., addition, sub-
traction, multiplication, division with fractions, first-order equations,
relations between numbers from —1 to 1). A sample question was:
“Considering the following equation: 3x+27 =18, which is the
value of x?” For each question, participants were required to select
the correct answer from four alternatives. Performance on the PMP
at the beginning of a university introductory statistics course has
been found to predict students’ achievement at the end of the course
(Galli et al., 2008, 2011).

Learning Methods Training. During the training phase to
familiarize participants with both the procedure-error and repeated-
practice methods (see Procedure section for the detailed instructions
for each learning method), column addition served as the training
algorithm for illustration purposes. Column addition involves add-
ing multidigit numbers (e.g., “536 + 427 = ?”) by arranging their
digits in place value columns and “carrying” or regrouping digits
that are transferred across columns. We used column addition as
the training algorithm because it is an elementary arithmetic opera-
tion that university students would likely be familiar with, thus
enabling participants to focus on mastering both learning methods
without potential interference or excessive cognitive load from hav-
ing to simultaneously learn a new or complex mathematical algo-
rithm (see Sweller et al., 1998, 2019).

To explain column addition to participants, we created a brief self-
paced PowerPoint lesson comprising three slides. A pool of six prac-
tice questions on column addition was also constructed, with three
questions randomly assigned for participants to practice solving
using the procedure-error versus repeated-practice methods, respec-
tively. Participants were given a corresponding printout of the col-
umn addition lesson slides that they could refer to while solving
the practice questions during the training phase.

Mathematical Algorithm Lessons. During the studying phase,
the critical to-be-learned mathematical algorithms were synthetic
division and matrix multiplication. Synthetic division is a “short-
hand” alternative to long division for dividing polynomials by a lin-
ear factor, whereas matrix multiplication involves multiplying
matrices by computing the dot product of various combinations of
their rows and columns.

! Of the six participants who were excluded from analyses, three partici-
pants did not implement the learning methods with fidelity during the study-
ing phase (e.g., failing to solve each practice question twice in the
repeated-practice condition, or failing to generate, circle, and correct proce-
dural errors in the procedure-error condition), whereas the remaining three
participants inadvertently answered all practice questions incorrectly in the
repeated-practice condition. Hence, for accuracy, we have focused on report-
ing the results from the cleaned data without these six participants, although
we note that the results remain the same even when they are included in the
analyses.
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For each algorithm, we created a self-paced PowerPoint lesson
comprising eight slides. In each lesson, participants were first intro-
duced to the algorithm and an example of a problem that it could be
used to solve. Next, the definitions of the common terms associated
with each algorithm were explained: “dividend,” “divisor,” “coeffi-
cient,” and “degree” for synthetic division; “row,” “column,”
“dimension,” and “dot product” for matrix multiplication. Then, par-
ticipants were taught the procedures for using each algorithm. To
facilitate participants’ learning, they were given access to a printout
of the lesson slides that they could refer to during the studying phase,
but which the experimenter collected back before the final test.

Practice Questions. A pool of six practice questions was cre-
ated for each algorithm, for a total of 12 practice questions (see sam-
ples in Table 1). For each algorithm, one practice question was
randomly designated as a checkpoint question that was presented
immediately after the lesson to ascertain that all participants under-
stood how to use the algorithm. Participants practiced solving the
checkpoint question and received corrective feedback including
the working and solution, before they proceeded to independently
practice solving the remaining five questions using their randomly
assigned learning method (either procedure-error or repeated-
practice) without feedback.

Transfer Test Questions. For each algorithm, a pool of 10
transfer test questions was created (i.e., 20 test questions in total;
see samples in Table 1). The transfer test questions were of greater
structural complexity than the practice questions and required partic-
ipants to execute additional steps that had not been explicitly
required in the solution procedures for the practice questions. Four
of the transfer test questions for each algorithm were further embed-
ded in scenarios that described a “real-life” problem context (i.e.,
mathematical word problems).

For instance, a transfer test question for synthetic division could
involve a polynomial dividend of a higher degree than had been
encountered during practice (e.g., up to x° in the test questions vs.
up to x> only in the practice questions) or executing additional steps
(e.g., inserting “0” as a placeholder for missing terms, factoring a non-
monic linear divisor and dividing the resulting quotient accordingly,
whereas the practice questions had no missing terms and only involved
monic linear divisors). For matrix multiplication, a transfer test ques-
tion could involve multiplying matrices of larger dimensions than
had been encountered during practice (e.g., up to a 3 x 3 matrix in
the test questions vs. up to a2 x 2 matrix only in the practice questions)
or executing additional steps (e.g., sequentially multiplying up to three
matrices or constructing matrices of appropriate dimensions based on
information given in the question before multiplying them, whereas the
practice questions involved multiplying only two matrices that were
directly provided). Thus, to successfully solve the transfer test ques-
tions for both algorithms, participants had to flexibly adapt the proce-
dures that they had learned during the studying phase.

Postlearning Questionnaires. A five-item postlearning ques-
tionnaire (adapted from Wong, 2023; Wong & Lim, 2022a) was
administered after participants had practiced each algorithm in the
studying phase. Specifically, participants (a) made a judgment of
learning (JOL) on an 11-point scale from 0% to 100% (i.e., 0%,
10%, 20%, ..., 100%) to predict their performance when later tested
on the algorithm, (b) rated how interesting the lesson on the algo-
rithm was (1 = not at all; 7 = extremely), (c) rated how understand-
able the lesson was (1 = not at all; 7 = extremely), (d) indicated their
prior knowledge of the lesson material (1 = not very well; 7= very

Table 1

Sample Practice and Transfer Test Questions for Synthetic Division and Matrix Multiplication

Adaptation(s) required for transfer test questions

Sample transfer test questions

Sample practice questions

Algorithm

« Requires inserting “0” as a placeholder for the missing term (x°)

« Involves a more complex dividend (up to x°)

GBx¥9x* + 6x2-5x +4) + (x4) = ?

x5 43+ )+ (=2) =2

Synthetic division

during synthetic division
« Involves the additional steps of factoring the nonmonic linear divisor

GBx¥5x% + 13x-4) = 2x+ 10) = ?

(22 3x+4) = (x=5)="?

(2x + 10) into a monic linear divisor 2(x + 5) before synthetic division

can be applied, then dividing the resulting quotient by the monic

linear divisor’s coefficient

In liquids, Pressure = Density x Height x Gravity. The pressure in a liquid is ¢ Involves applying synthetic division in a “real-life” scenario (i.e.,

Bx*2x-3)+ (x+4) =7

word problem)
* Requires performing synthetic division twice sequentially for each

represented by p°~8p? + 19p—12. Given that p—1 and p—3 are the height and

gravity, respectively, find the density of the liquid.

divisor: (p-1) and (p-3)
« Involves multiplying more complex matrices with larger dimensions

-1
-3 2

PR
J{

3
2

Matrix multiplication [

* Requires sequentially multiplying three matrices, rather than two only

IR BRI

k

7 _,
]

9 4
3.6

[

« Involves applying matrix multiplication in a “real-life” scenario (i.e.,
word problem)

Costumes are needed for a play. Boys’ costumes require eight units of fabric,
five units of ribbon, and four units of sequins. Girls’ costumes require six

units of fabric, nine units of ribbon, and five units of sequins. The costs per * Requires constructing two matrices of appropriate dimensions based

unit of fabric, ribbon, and sequins are $6, $5, and $4, respectively. Find the

costs of the costumes for boys versus girls.

on the information given in the problem, then multiplying them
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well), and (e) rated how easy it had been for them to learn the algo-
rithm (1 = not at all; 7 = extremely). After participants had com-
pleted the test phase, they further rated how effective they thought
each learning method had been in helping them learn the algorithms
(1 =not at all; T = extremely).

Procedure

Before attending the experiment, participants completed the basic
mathematical ability test via an online questionnaire. Upon arriving
at the laboratory, participants were seated at individual cubicles and
informed that they would be learning mathematical algorithms. They
were told to study the algorithms to the best of their ability for a
later test; the specific nature of the test was not revealed. The experi-
ment comprised three phases administered via pen and paper: training,
studying, and test. Throughout all three phases, participants performed
all mathematical calculations by hand (i.e., without using a calculator).
The total experimental duration was approximately 90 min.

Training Phase. During the training phase, all participants were
first introduced to the training algorithm (column addition) via a
PowerPoint lesson, and were instructed on both the repeated-practice
and procedure-error methods. Then, participants were given 3 min to
practice solving three column addition practice questions using each
learning method. All participants were provided with a printout of
the column addition lesson slides that they could refer to during
their practice.

In the repeated-practice condition, participants were instructed to cor-
rectly solve each question twice and then check that their workings and
answers for both attempts were accurate and consistent. In this way, par-
ticipants engaged in errorless repeated practice for each question.

In the procedure-error condition, participants also solved each ques-
tion twice, but once incorrectly. Specifically, participants were
instructed to deliberately err in their first attempt by incorrectly writing
down their working such that it contained a plausible procedural error
(i.e., an error in applying or executing the action sequences for the
algorithm). Then, participants were to circle the error that they had
made, and correct it by writing down the correct working to solve
the question in their second attempt. To ensure that participants under-
stood what was required of them during the training phase, they were
shown examples of procedural versus nonprocedural errors for the
training algorithm. For instance, in column addition, neglecting to
add the regrouped “1” from the ones to tens place is a procedural
error, whereas writing “4+1=6" merely involves a calculation
error. In line with extant research on incorrect guessing (Kang et al.,
2011) and competitive incorrect responses (Little & Bjork, 2015;
Little et al., 2012), participants were encouraged to make plausible
procedural errors that were objectively incorrect but still believable.
For instance, “5,467 + 192 =5,559” (i.e., initiating the regrouping
process but neglecting to add the regrouped “1” from the tens to hun-
dreds column) is a more plausible procedural error than “5,467 +
192 = 55,159 (i.e., leaving the regrouped “1” in the tens column).

At the end of the 3-min practice duration for each learning
method, all participants were presented with corrective feedback
for each column addition practice question, including its working
and solution. All participants solved the practice questions correctly.

Studying Phase. After the training phase, participants under-
went the studying phase, which comprised two learning blocks. In
each learning block, participants learned and practiced one of the
critical mathematical algorithms (either synthetic division or matrix

multiplication) using one of the learning methods (either repeated-
practice or procedure-error). The order in which participants used
both learning methods, as well as the pairing of algorithms with
learning methods, was counterbalanced.

Specifically, in each learning block, participants were taught one
of the critical mathematical algorithms via a PowerPoint lesson. At
the end of the lesson, participants were given 1.5 min to practice
solving a checkpoint question to ascertain that they understood
how to use the algorithm, before receiving corrective feedback that
included both the working and solution. Emulating naturalistic self-
regulated learning environments, the studying phase was conducted
under open-book conditions in which participants were provided
with a printout of the algorithm lesson slides that they could refer
to during their practice. Across both learning blocks, all except
four participants correctly answered the checkpoint questions. For
participants who incorrectly answered the checkpoint question, the
experimenter verbally reinforced the corrective feedback to ensure
participants’ full understanding before they proceeded with the task.

Following which, all participants were given 12 min to indepen-
dently practice solving five questions for the algorithm using their
randomly assigned learning method (either the repeated-practice or
procedure-error method). No feedback was provided for these prac-
tice questions. The instructions for both learning methods were iden-
tical to those in the training phase. Participants were further told that
if they finished before the time was up, they should use the remaining
time to check their responses. Thus, the total studying duration was
equated across all conditions. All participants finished solving the
practice questions within the given time. At the end of the 12-min
learning block, participants completed a five-item postlearning ques-
tionnaire in which they made a JOL to predict their test performance,
rated the lesson’s interestingness and understandability, indicated
their prior knowledge of the algorithm, and rated how easy it had
been for them to learn the algorithm.

The same procedure was then repeated for the second learning
block, in which participants used the second learning method to
study the other critical algorithm. After completing both learning
blocks, all participants were allowed to take a brief self-paced
break before starting the test phase.

Test Phase. The test phase was conducted in two blocks by algo-
rithm, corresponding to the same order in which participants had
learned both algorithms during the studying phase. In each test
block, participants were given 15 min to correctly solve 10 transfer
test questions for one of the critical algorithms (either synthetic divi-
sion or matrix multiplication). Participants completed the test questions
without reference to their studying phase responses or printouts of the
algorithm lesson slides, which the experimenter collected back before
the test. At the end of the first 15-min test block, participants were
allowed to take a brief self-paced break before they proceeded to
solve the test questions for the second algorithm in the next 15-min
test block. After completing both test blocks, participants rated the
effectiveness of each learning method and provided their demographic
information. All participants were then debriefed and thanked.

Results
Scoring

Participants’ responses in the studying and test phases were scored by
awarding either 1, 0.5, or O marks for each question, with a maximum
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possible score of 5 for the studying phase and 10 for the transfer test.
Specifically, participants were awarded 0.5 marks for correctly applying
the algorithm procedures to solve each question (i.e., method marks),
with an additional 0.5 marks awarded for accuracy in the intermediate
steps and final answer following a correct method (i.e., accuracy marks).
Accuracy marks were not awarded unless participants had first earned
the method marks for a given question. Thus, to receive any marks
(i.e., at least 0.5 marks) for any particular question, participants had
to first demonstrate an understanding of the procedures for correctly
applying the algorithm. Similar scoring schemes have been used in
international standardized tests such as the General Certificate of
Education Advanced Level (GCE A-Level) mathematics examination
(Cambridge Assessment International Education, 2022).

For instance, a participant would earn one mark (i.e., full marks)
for a question if their response correctly applied the algorithm proce-
dures to solve the specific question at hand, and provided an accurate
working and answer. Marks were not deducted for up to two minor
arithmetic slips (e.g., calculation errors) in a response, provided that
these did not suggest a lack of understanding in applying the algo-
rithm. Conversely, a participant would earn 0.5 marks for a question
if their response correctly applied the algorithm procedures but con-
tained several arithmetic slips (e.g., three or more calculation errors,
provided that these did not exceed 50% of the response to produce an
egregiously wrong answer), or if the participant provided a fully cor-
rect working that demonstrated their understanding of the algorithm
procedures but did not derive the final answer (e.g., writing down a
fully correct working but failing to compute the final answer).
Conversely, a participant would not earn any marks (i.e., zero
marks) for a question if they incorrectly applied the algorithm proce-
dures or did not attempt the question (i.e., no response).

Two raters independently scored all 40 scripts. Interrater reliability
was excellent, intraclass correlation (ICC) = .95, 95% confidence inter-
val (CD) [93, .97], based on a two-way random-effects model.
Discrepancies were reviewed and resolved to reach 100% agreement.

Basic Mathematical Ability and Prior Knowledge

Participants’ mean basic mathematical ability score on the PMP was
25.93 (SD = 3.78) out of a total possible score of 30. Correlational
analyses indicated that participants’ PMP scores were positively asso-
ciated with their transfer test performance in both the repeated-practice
condition, r(38)=.50, p=.001, and procedure-error condition,
r(38)=.58, p <.001.

We further analyzed participants’ self-reported familiarity with
the critical algorithms. Participants reported relatively low prior
knowledge of the algorithms on overall, with no significant differ-
ence across the repeated-practice (M =3.20, SD=1.76) and
procedure-error (M = 3.15, SD = 1.69) conditions, #(39) = —0.12,
p=.909, d=—-0.02, 95% CI [-0.33, 0.29].

Lesson Interestingness, Understandability, and Ease of
Learning

Participants’ ratings of how interesting the algorithm lessons were
did not significantly differ across both learning conditions, #(39) =
—1.00, p =.323, d=—0.16, 95% CI [—-0.47, 0.16]. Neither was
there a significant difference in participants’ ratings of how under-
standable the algorithm lessons were, #(39) = —0.56, p = .578,d =
—0.09, 95% CI [—0.40, 0.22], nor how easy it had been for them to

learn the algorithms across both conditions, #(39)= —0.14,
p=.891, d=-0.02, 95% CI [—0.33, 0.29]. Table 2 shows the
means and SDs.

Studying Phase Performance

We ascertained that across both learning conditions, participants
were highly successful in solving the five practice questions during
the studying phase, with no significant difference between the
repeated-practice (M =4.79, SD=0.56) and procedure-error
(M =4.66, SD =0.54) conditions, #(39)=—1.40, p=.168, d=
—0.22, 95% CI [—0.53, 0.09]. Thus, any subsequent differences
in participants’ performance on the transfer test could not be attrib-
uted to differing success rates during their initial practice.

Transfer Test Performance

As predicted, the procedure-error method (M = 5.43, SD =1.87)
produced superior transfer test performance than the repeated-
practice method (M =4.14, SD =1.70), t(39) =4.84, p <.001,
d=0.77, 95% CI [0.41, 1.11]. Attesting to the derring effect
(Wong & Lim, 2022a, 2022b), deliberately committing and correct-
ing procedural errors during practice outperformed errorless
repeated practice (Figure 1A).

Breaking down participants’ total score on the transfer test, we
further analyzed their performance on the six transfer questions
that were structurally more complex versus the four transfer ques-
tions that were embedded in “real-life”” scenarios (i.e., mathematical
word problems). We found that the derring effect generalized across
both question types. Specifically, the procedure-error method (M =
3.41, SD =1.22) yielded an advantage over the repeated-practice
method (M =2.61, SD=1.20) for the transfer questions of
increased structural complexity, #(39)=3.57, p=.001, d =0.56,
95% CI [0.23, 0.90]. In addition, the procedure-error method
(M =2.01, SD = 1.14) outperformed the repeated-practice method
(M =1.53, SD=0.98) on the word problems in the transfer test,
1(39)=2.27, p=.029, d = 0.36, 95% CI [0.04, 0.68].

Metacognitive Judgments

In contrast to their actual performance, participants inaccurately
predicted in their JOLs that their test performance would be signifi-
cantly better in the repeated-practice than procedure-error condition,
1(39)=-2.61, p=.013, d=-041, 95% CI [-0.73, —0.09].
Figure 1B displays participants’ JOLs across learning conditions.
This metacognitive illusion persisted even after participants had expe-
rienced the benefits of deliberate erring for their test performance.

Table 2
Mean Scores on Postlearning Questionnaires (Experiment 1)

Repeated-practice Procedure-error

Variable M SD M SD

Prior knowledge 3.20 1.76 3.15 1.69
Lesson interestingness 4.80 1.54 4.60 1.65
Lesson understandability 5.73 0.99 5.63 1.19
Ease of learning 5.18 1.11 5.15 1.05
Judgment of learning 77.00 16.52 70.75 17.74
Method effectiveness 5.28 1.54 3.98 1.92
Note. N=40.



This document is copyrighted by the American Psychological Association or one of its allied publishers.
This article is intended solely for the personal use of the individual user and is not to be disseminated broadly.

DELIBERATE PROCEDURAL ERRORS IMPROVE MATH LEARNING

Figure 1
Transfer Test Performance and Metacognitive Predictions
(Experiment 1)
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Note. (A) The mean transfer test scores across question types and learning
conditions; the total possible score for the transfer test was 10. (B)
Participants’ predictions of their test performance (i.e., their metacognitive
judgments of learning). Error bars indicate SEs.

‘When rating the effectiveness of both learning methods after the test,
participants still incorrectly judged the repeated-practice method as
more effective than the procedure-error method, #(39)= —3.76,
p=.001,d=—0.60,95% CI[—0.93, —0.26]. Means and SDs of par-
ticipants’ metacognitive ratings are presented in Table 2.

We further examined the predicted versus actual effectiveness of
both learning methods for participants’ transfer performance.
Overall, 29 out of 40 (73%) learners performed better in the
procedure-error condition than repeated-practice condition. Yet, 34
out of 40 (85%) learners predicted that the repeated-practice method
would be just as effective as or even more effective than the
procedure-error method. Even after the transfer test, the advantage
of deliberate erring went largely unappreciated—33 out of 40
(83%) learners rated the repeated-practice method as just as effective
as or even more effective than the procedure-error method for their
test performance. Taken together, participants’ pre- and posttest
metacognitive judgments were at odds with how effective both learn-
ing methods had been. Table 3 shows the number of participants
who actually performed better after deliberate erring than errorless
repeated practice, the number who showed the opposite pattern,
and the number who performed similarly across both conditions.
For each of these three performance outcomes, Table 3 also shows
the number of participants who made the corresponding pretest
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metacognitive predictions (JOLs) and posttest metacognitive judg-
ments (effectiveness ratings).

Discussion

Experiment 1 tested and found evidence for the benefit of deliber-
ately committing and correcting procedural errors in mathematical
problem-solving and transfer. When learners intentionally erred
while practicing mathematical algorithms, they were subsequently
more successful in applying those algorithms to solve novel problems
that were structurally more complex or embedded in “real-life”” scenar-
ios, relative to avoiding errors during their practice. Notably, this
advantage occurred even when the errorless control condition involved
correctly solving each practice problem twice. Thus, despite receiving
more exposure to the correct solutions during errorless repeated prac-
tice, learners still transferred better at test when they had deliberately
solved each practice problem wrongly then corrected it once.

However, the vast majority of learners failed to accurately predict
the advantage of deliberate erring. Even after experiencing the
effects of both learning methods for their test performance, most
learners continued to believe that errorless repeated practice had
been more effective. These results align with those in previous
research that students are often woefully unaware of the benefits of
deliberate erring, even after profiting from this technique (Wong,
2023; Wong & Lim, 2022a, 2022b).

Experiment 2

Experiment 2 was conducted to address two critical questions from
Experiment 1’s findings. First, why does deliberate erring improve
transfer? Previous research has shown that even comparing a mixture
of correct and incorrect solutions promotes transfer more than studying
correct solutions only (e.g., Grole & Renkl, 2007; Loibl & Leuders,
2019). For instance, juxtaposing correct versus incorrect solutions
may prompt learners to detect and repair flaws or gaps in their mental
models for deeper learning (Heemsoth & Heinze, 2014; Loibl &
Leuders, 2019; Loibl & Rummel, 2014). Hence, it is possible that
learners’ better transfer in the procedure-error condition was merely
due to being exposed to incorrect workings and/or comparing them
with the correct workings during error correction. If this were indeed
the case, then one would expect that learners could reap similar
gains from simply being presented with others’ errors and juxtaposing
them with the correct solutions, even without having erred themselves.

Second and relatedly, whereas Experiment 1 showed that deliberate
erring outperforms errorless learning, does this advantage hold over
other errorful methods that benefit mathematical learning? Notably,
studying others’ errors in incorrect worked examples similarly involves
engaging with errors during or after instruction on to-be-learned mate-
rial and has been found to improve mathematical transfer more than
studying correct examples only or a problem-solving control (e.g.,
Adams et al., 2014; Barbieri & Booth, 2020; Booth et al., 2013;
Durkin & Rittle-Johnson, 2012; Grofe & Renkl, 2007; McLaren et
al., 2015). Is there anything special about deliberately committing
and correcting one’s own errors?

Although studies that directly compare errorful learning approaches
are scarce, some limited evidence suggests that learners could gain
more from personally making errors and correcting them (e.g.,
Metcalfe & Xu, 2018; Sadler & Good, 2006). For instance, Wong
(2023) found that deliberately committing and correcting conceptual
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Table 3

Frequency Count (and Percentage) of Participants Showing Different Patterns of Metacognitive Ratings
and Actual Transfer Test Performance (Experiment 1)

Performance outcome

Procedure-error

Procedure-error Procedure-error

Metacognitive ratings versus actual performance > repeated-practice = repeated-practice < repeated-practice
Metacognitive ratings
Pretest predictions (JOLs) 6 (15%) 17 (43%) 17 (43%)
Posttest judgments (effectiveness ratings) 7 (18%) 7 (18%) 26 (65%)
Actual transfer test performance 29 (73%) 2 (5%) 9 (23%)

Note. N=40.JOL = judgment of learning.

errors yielded better far transfer of conceptual knowledge than a
spot-and-fix condition in which learners spotted and corrected their
peers’ deliberate errors then generated their own correct answers.
However, the spot-and-fix condition did not require learners to explic-
itly explain the errors that they had identified. Although self-explanation
does not seem to be a prerequisite for benefiting from studying worked
examples (Corral & Carpenter, 2020), it could enhance the effective-
ness of this learning approach in supporting inference-making and gen-
eralization of knowledge for better transfer (Barbieri et al., 2019; Chi et
al., 1989; Loibl & Leuders, 2019; Rittle-Johnson, 2006; for reviews,
see Atkinson et al., 2000; Bisra et al., 2018; Chi, 2022; Fiorella,
2023; Renkl, 2014, Rittle-Johnson et al., 2017).

Hence, Experiment 2 directly compared deliberate erring (procedure-
error method) against the errorful learning approach of studying incor-
rect worked examples, in which learners identified, explained, and cor-
rected others’ errors (spot-explain-fix method). Specifically, each learner
was presented with the incorrect solution attempts that a peer had delib-
erately made on the practice problems in Experiment 1.> This yoked
procedure enabled us to control for the quality of errors that learners
were exposed to across the procedure-error and spot-explain-fix condi-
tions (e.g., Wong, 2023). Using the spot-explain-fix method, learners
identified their peers’ errors in the incorrect worked examples, explained
why those solutions were incorrect and what should have been done
instead, then corrected the errors by solving the practice problem cor-
rectly. Thus, Experiment 2 allowed us to explore the benefits of person-
ally committing and correcting errors, over and above the general
benefits of comparing incorrect and correct solution procedures.

Method
Participants

The participants were 43 university students (29 were female)
between the ages of 19 and 43 (M =21.42, SD =4.70) from the
National University of Singapore who did not take part in
Experiment 1. Outcomes reported below are based on data from 42
participants; one participant who failed to follow the experimental
instructions was excluded from subsequent analyses. A power analy-
sis (G*Power; Faul et al., 2007) indicated that this sample size
afforded sufficient sensitivity to detect medium within-subjects
effects (d>0.44) for two-tailed pairwise comparisons at 80%
power and o = .05.

Design

The single within-subjects factor was learning method: procedure-error
(deliberate error commission and correction) versus spot-explain-fix

(identifying, explaining, and correcting others’ deliberate errors). As
in Experiment 1, the learning outcome of interest was participants’
transfer test performance.

Materials and Procedure

Experiment 2 used identical materials and procedures as Experiment 1,
except that the repeated-practice condition was replaced with a
spot-explain-fix condition in which participants identified, explained,
and corrected the errors in others’ incorrect workings when practicing
the algorithms. Specifically, for each practice question in the
spot-explain-fix condition, each participant was presented with a cor-
responding incorrect working that a peer had generated for that ques-
tion in Experiment 1’s procedure-error condition. Thus, in this yoked
design, each participant was exposed to a different set of deliberate
errors that a peer from Experiment 1 had made. Participants were
instructed to identify and circle the error in the incorrect working pre-
sented. Next, participants were prompted to write down an explana-
tion for why their peer’s working was incorrect and what should
have been done instead. Then, participants corrected the erroneous
working by writing down the correct working to solve the given prac-
tice question. Similar procedures have been used in studies on learning
from incorrect worked examples (e.g., Barbieri & Booth, 2020; Booth
et al., 2013; Heemsoth & Heinze, 2014). Hence, whereas the
procedure-error condition involved generating deliberately incorrect
solutions and correcting them, the spot-explain-fix condition involved
spotting and explaining others’ deliberate errors plus generating cor-
rect solutions.

Results
Scoring

Two raters independently scored all 42 scripts in the same way as
in Experiment 1. Interrater reliability was excellent, ICC = .96, 95%

2 It was not possible to present learners with the deliberate errors generated
by a peer in Experiment 2’s procedure-error condition while still preserving a
within-subjects design similar to that in Experiment 1. Alternatively,
instructor-selected common errors could be presented in the incorrect worked
examples, but we note that this would have varied the quality of errors that
learners experienced in the spot-explain-fix versus procedure-error condi-
tions. Upon balanced consideration, we used the deliberate errors from
Experiment 1’s procedure-error condition in the incorrect worked examples
for Experiment 2’s spot-explain-fix condition, given that both experiments
had identical learning materials and procedures with participants sampled
from the same population (see Wong, 2023 for similar procedures).



lied publishers.

and is not to be disseminated broadly.

ghted by the Americz

This document is copyri
This article is intended solely for the personal use of the individual user

DELIBERATE PROCEDURAL ERRORS IMPROVE MATH LEARNING 1121

CI [.94, 98], based on a two-way random-effects model.
Discrepancies were reviewed and resolved to reach 100% agreement.

Basic Mathematical Ability and Prior Knowledge

The PMP scores of three participants were missing due to experi-
menter error. Participants’ mean basic mathematical ability score on
the PMP was 26.28 (SD =3.01) out of a total possible score of 30.
Participants’ PMP scores were not significantly associated with their
transfer test performance in the spot-explain-fix condition, 1(37) = .26,
p = .105, but positively correlated with their transfer test performance
in the procedure-error condition, 1(37) = .33, p = .043.

As in Experiment 1, participants reported relatively low prior
knowledge of the critical algorithms on overall, with no significant
difference across the spot-explain-fix (M =3.21, SD=1.91) and
procedure-error (M = 3.05, SD = 1.95) conditions, #(41) = —0.47,
p=.643,d=—-0.07,95% CI [-0.37, 0.23].

Lesson Interestingness, Understandability, and Ease of
Learning

Participants’ ratings of how interesting the algorithm lessons were
did not significantly differ across the spot-explain-fix and procedure-
error conditions, #(41) = —0.72, p = 474,d = —0.11,95% CI [-0.41,
0.19]. Neither did participants’ ratings of the algorithm lessons’ under-
standability differ across conditions, #(41)=—1.00, p =.323, d=
—0.15,95% CI [—0.46, 0.15]. There was also no significant difference
in participants’ ratings of how easy it had been for them to learn the
algorithms in both conditions, #(41) = —1.73, p=.092, d= —0.27,
95% CI [—0.57, 0.04]. Table 4 shows the means and SDs.

Studying Phase Performance

We ascertained that participants were highly successful in solving
the practice questions during the studying phase, with no significant
difference between the spot-explain-fix (M =4.87, SD =0.31) and
procedure-error (M =4.75, SD = 0.57) conditions, #(41) = —1.33,
p=.193,d=-0.20, 95% CI [—0.51, 0.10]. Thus, any subsequent
differences in participants’ transfer test performance could not be
attributed to differing rates of success during their initial practice.

Transfer Test Performance

The key finding in Experiment 2 was that the procedure-error
method (M = 5.94, SD = 1.98) produced better transfer test perfor-
mance than the spot-explain-fix method (M =4.71, SD =2.26),

Table 4
Mean Scores on Postlearning Questionnaires (Experiment 2)

Spot-explain-fix Procedure-error

Variable M SD M SD

Prior knowledge 3.21 1.91 3.05 1.95
Lesson interestingness 4.64 1.36 4.50 1.45
Lesson understandability 5.88 1.02 5.71 1.13
Ease of learning 5.40 1.08 5.05 1.29
Judgment of learning 79.29 17.31 72.14 19.32
Method effectiveness 4.86 1.37 4.07 1.46
Note. N=42.

1(41) =4.09, p <.001, d = 0.63, 95% CI [0.30, 0.96]. Hence, per-
sonally generating and correcting one’s own deliberate errors was
more beneficial for transfer than spotting, explaining, and correcting
others’ deliberate errors (Figure 2A).

Decomposing participants’ total score on the transfer test, we further
analyzed their performance on the six transfer questions that were struc-
turally more complex versus the four transfer questions that were
embedded in “real-life” scenarios (i.e., word problems). On the transfer
questions of increased structural complexity, the procedure-error
method (M =3.63, SD = 1.44) yielded superior performance than
the spot-explain-fix method (M =3.05, SD =1.48), #(41)=2.07,
p=.045,d=0.32, 95% CI [0.01, 0.63]. Likewise, on the word prob-
lems, the procedure-error method (M = 2.31, SD = 1.41) outperformed
the spot-explain-fix method (M =1.67, SD =1.20), #(41)=2.55,
p=.014,d=0.39, 95% CI [0.08, 0.71].

Metacognitive Judgments

However, participants inaccurately predicted in their JOLs that
their performance would be better in the spot-explain-fix than
procedure-error condition, #(41)=—-2.82, p=.007, d=—0.44,
95% CI [-0.75, —0.12]. Figure 2B displays participants’ JOLs

Figure 2
Transfer Test Performance and Metacognitive Predictions
(Experiment 2)
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Note. (A) The mean transfer test scores across question types and learning
conditions; the total possible score for the transfer test was 10. (B)
Participants’ predictions of their test performance (i.e., their metacognitive
judgments of learning). Error bars indicate SEs.
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across learning conditions. Even after experiencing the benefits of
deliberate erring for their test performance, participants still mis-
judged the spot-explain-fix method as more effective than the
procedure-error method, #(41) = —2.48, p=.017, d = —0.38, 95%
CI [-0.69, —0.07]. Means and SDs of participants’ metacognitive
ratings are presented in Table 4.

Overall, 29 out of 42 (69%) learners performed better in the
procedure-error than spot-explain-fix condition. Yet, 37 out of 42
(88%) learners predicted that the spot-explain-fix method would
be just as effective as or even more effective than the procedure-error
method. Learners’ unawareness of the deliberate erring advantage
persisted even after the transfer test, whereby 35 out of 42 (83%)
learners rated the spot-explain-fix method as just as effective as or
even more effective than the procedure-error method for their test
performance. Thus, as in Experiment 1, participants’ pre- and post-
test metacognitive judgments stood in stark contrast to how effective
both methods had actually been (Table 5).

Discussion

Experiment 2’s findings dovetail with those in previous research
showing the benefits of learning from self-generated errors (e.g.,
Metcalfe & Xu, 2018; Sadler & Good, 2006). Extending
Experiment 1’s results, we found that deliberately committing and
correcting procedural errors was more beneficial for mathematical
problem solving and transfer than finding, explaining, and correcting
others’ deliberate errors in incorrect worked examples. This effect
occurred even though both methods similarly involved exposure to
errors and comparing them with the correct solutions during error
correction, with error quality controlled for across conditions via a
yoked procedure. Moreover, the spot-explain-fix method had been
supplemented with self-explanation that previous research has
shown to facilitate transfer (e.g., Rittle-Johnson, 2006), whereas
the procedure-error method did not require that learners explicitly
self-explain their deliberate errors. Taken together, these results sug-
gest a new level of robustness to the derring effect in mathematical
problem-solving and transfer: Personally committing and correcting
one’s own deliberate errors offers a unique advantage over learning
from others’ deliberate errors (Wong, 2023).

As in Experiment 1, though, there was a large disconnect between
learners’ metacognitive judgments and actual test performance.
Besides mispredicting that the procedure-error method would
yield worse performance than the spot-explain-fix method, learners
persisted in believing that the procedure-error method was less effec-
tive even after profiting from it on the transfer test.

Table 5

General Discussion

Most educators would like for their students to be able to transfer
knowledge they have learned to new contexts or problems (Bransford
& Schwartz, 1999; Haskell, 2001; McKeough et al., 1995; Perkins &
Salomon, 1992), but this has often proven difficult to achieve
(Detterman, 1993; Renkl et al., 1996). Here, we show in the domain
of mathematics that guiding learners to deliberately commit and correct
procedural errors during problem-solving practice after instruction
enhances transfer of learned procedures.

In Experiment 1, deliberate erring was more effective than tradi-
tional errorless repeated practice in enabling learners to apply and flex-
ibly adapt learned mathematical algorithms to solve novel, more
complex problems. This result offers the first evidence that the derring
effect extends to procedural transfer, thus establishing its generalizabil-
ity beyond conceptual learning and transfer (Wong, 2023; Wong &
Lim, 2022a, 2022b).

Experiment 2’s findings go some way toward clarifying the locus
of the derring effect. Specifically, our results indicate that the delib-
erate erring advantage in Experiment 1 was not merely due to expos-
ing learners to incorrect solutions and/or juxtaposing them with the
correct ones during error correction. Rather, Experiment 2 provided
evidence that personally committing and correcting deliberate errors
is vital to unleashing the full potential of learning from errors. When
learners intentionally made and corrected their own errors, they
transferred better than when they spotted, explained, and corrected
their peers’ errors (see also Wong, 2023). This finding corroborates
the advantage of learning from self- over other-generated errors in
extant research on other error types, including those that are allowed
to occur spontaneously (Metcalfe & Xu, 2018; Sadler & Good,
2006) or induced before direct instruction (Kapur, 2014a, 2014b;
cf. Hartmann et al., 2021, 2022).

On closer inspection of these effects, the transfer task serves as a
window into what had been learned (McDaniel, 2007). Notably,
across both experiments, deliberate erring reliably benefited perfor-
mance on not only the transfer questions that were structurally more
complex, but also the mathematical word problems. To successfully
solve word problems, learners must construct a mental representation
of the problem and formulate a corresponding solution plan, besides
applying learned mathematical procedures (Kintsch & Greeno,
1985; Mayer & Hegarty, 1996; Pongsakdi et al., 2020). Thus, one
implication is that deliberate erring may have fostered recognition
and encoding of the target knowledge’s deep features, which facili-
tated transfer to new problems (Loibl et al., 2017). When deliberately
generating their own incorrect solutions, learners’ attention may have

Frequency Count (and Percentage) of Participants Showing Different Patterns of Metacognitive Ratings
and Actual Transfer Test Performance (Experiment 2)

Performance outcome

Metacognitive ratings versus
actual performance

Procedure-error
> spot-explain-fix

Procedure-error
< spot-explain-fix

Procedure-error
= spot-explain-fix

Metacognitive ratings

Pretest predictions (JOLs) 5 (12%) 18 (43%) 19 (45%)
Posttest judgments (effectiveness ratings) 7 (17%) 12 (29%) 23 (55%)
Actual transfer test performance 29 (69%) 3 (7%) 10 (24%)

Note. N=42.]JOL = judgment of learning.
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been more strongly directed toward the defining features of the
to-be-learned procedures and problem structures, relative to studying
others’ errors or simply following the procedural steps during errorless
practice (e.g., Terwel et al., 2009). Examining these potential pro-
cesses more directly represents an interesting avenue for future work.

In spite of the benefits of deliberate erring, the majority of learners
in both experiments misjudged this technique as less effective than it
actually was, even after experiencing its effects on their transfer test
performance. Such stable metacognitive illusions have similarly
been observed in previous deliberate erring research (Wong, 2023;
Wong & Lim, 2022a, 2022b) and align more broadly with learners’
unawareness of the benefit of generating errors (Huelser & Metcalfe,
2012; Pan et al., 2020; Yang et al., 2017).

Although learners in our study were not asked to explain their
metacognitive judgments, it is possible that these may have been
influenced by theory-based and/or experience-based cues (Koriat,
1997; Koriat et al., 2004). For instance, students may hold a priori
theories or beliefs that committing errors is bad for their learning
(Pan et al., 2020; Yang et al., 2017). Furthermore, generating errors
may be subjectively experienced as less fluent than correctly practic-
ing learned procedures or studying others’ errors from a “safe dis-
tance,” thus lowering JOLs (e.g., Potts & Shanks, 2014). Indeed,
learners may rely on an “easily learned, easily remembered” heuris-
tic when making metacognitive judgments (Koriat, 2008), such that
greater subjective ease of processing can lead to overconfidence or
illusions of knowing (e.g., Begg et al., 1989; Hertzog et al., 2003;
Undorf & Erdfelder, 2011; see Finn & Tauber, 2015 for a review).
Such miscalibrations bear potential costs for self-regulated learning,
given that accurately monitoring one’s learning is crucial for sup-
porting effective and efficient control of what and how to study
(Bjork et al., 2013; Dunlosky & Rawson, 2012; Metcalfe & Finn,
2008).

Educational Implications and Future Directions

In demonstrating the benefits of guiding deliberate errors, our
findings offer new practical insights for how errors can be effectively
approached in mathematical learning to improve problem solving
and transfer. For instance, after students have been instructed on
to-be-learned mathematical algorithms, they could be guided to
deliberately commit and correct procedural errors when solving
practice problems in assignments or class discussions. Whereas stu-
dents in our study independently studied and practiced the algo-
rithms, this learning process can potentially be supplemented with
explicitly teaching for transfer. Some evidence suggests that transfer
on mathematical problems is boosted when teachers not only instruct
students on a solution method, but also teach abstraction and meta-
cognitive skills for transfer (e.g., Fuchs et al., 2003). Such instruc-
tion could include explicitly teaching the concept of transfer and
the types of superficial problem features that alter a problem such
that it appears “new” even when its structure remains the same,
while prompting students to search novel problems for superficial
changes to identify familiar deep structures (e.g., Chi & VanLehn,
2012; Fuchs et al., 2003).

To inform educational recommendations that are more precisely
attuned to learner characteristics, further work is needed to examine
the role of prior knowledge in the effectiveness of deliberate erring.
In our study, learners had relatively low prior knowledge of the
to-be-learned mathematical algorithms. For these learners, deliberate

erring during problem-solving practice was more beneficial than
errorless repeated practice or studying incorrect worked examples.
This result aligns with previous studies on deliberate conceptual
errors that observed the derring effect even when students had little
prior knowledge about the to-be-learned concepts (Wong, 2023;
Wong & Lim, 2022a, 2022b). However, we note that learners in
our study had high basic mathematical ability in already knowing
how to carry out fundamental arithmetic operations such as addition
and subtraction that the algorithms required. It remains to be
explored whether high—or, at least, some—prior domain knowl-
edge modulates the derring effect. It is conceivable that some degree
of domain knowledge enables learners to engage productively with
deliberate erring when generating sensible or meaningful errors,
while avoiding cognitive overload (Sweller et al., 1998, 2019). If
so, learners with low prior domain knowledge may require more sup-
port to benefit fully from deliberate erring (see also Barbieri &
Booth, 2016; Grofle & Renkl, 2007).

Our data also raise new questions and possibilities about the reach
of the derring effect. Whereas we focused on testing the transfer of
learned mathematical procedures within the same knowledge
domain, recent evidence suggests that deliberate erring can also
aid far transfer of learned concepts across different knowledge
domains (Wong, 2023). Synthesizing these findings, it could thus
be fruitful for future work to explore the derring effect in far transfer
of learned procedures across knowledge domains, such as between
isomorphic topics in algebra and physics (e.g., transferring proce-
dures in algebraic arithmetic-progression problems to solve unfamil-
iar but analogous constant-acceleration problems in physics; Bassok,
1990; Bassok & Holyoak, 1989).

Relatedly, conceptual and procedural knowledge in mathematics
have been viewed to develop iteratively, with gains in conceptual
understanding supporting the generation of correct procedures, and
gains in procedural knowledge in turn increasing conceptual under-
standing (Rittle-Johnson & Alibali, 1999; Rittle-Johnson et al.,
2001, 2015). By extension, it is possible that deliberately committing
and correcting procedural errors in mathematics may support learners’
conceptual knowledge development, thereby boosting their transfer
when constructing solutions for new problems. Future work could
address this prospect by measuring conceptual and procedural knowl-
edge independently. Whereas procedural knowledge in mathematics
has almost always been measured via problem-solving accuracy, con-
ceptual knowledge of mathematical principles can be assessed in more
varied ways such as sorting examples into categories, generating or
selecting definitions for concepts, and evaluating unfamiliar proce-
dures (for a review, see Rittle-Johnson, 2019). Given the iterative rela-
tions between conceptual and procedural knowledge, it may be
challenging for a measure to target only a single type of knowledge
but not the other. Thus, such measures are thought to predomi-
nantly—rather than exclusively—assess one type of knowledge
(Rittle-Johnson, 2019). With the use of multiple measures for each
type of knowledge, future work would be better poised to examine
convergent and discriminant validity when disentangling conceptual
and procedural knowledge (Schneider & Stern, 2010).

Another open question relates to the emotional and motivational
effects of deliberate erring. When unintended, errors can cause con-
siderable chagrin and emotional strain, especially when learners
struggle to correct them over a prolonged duration (Brodbeck et
al., 1993; Ivancic & Hesketh, 1995/1996). Conversely, because
deliberate errors are framed as intentional and expected parts of
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the learning process, they may incur less emotional cost. Of course,
learners can still reap learning gains from effective study techniques
despite experiencing greater frustration or stress during the learning
process, as when studying incorrect worked examples (Richey et al.,
2019) or taking practice tests (Wenzel & Reinhard, 2021; cf. Hinze
& Rapp, 2014). Learners can also be taught to positively reappraise
and even embrace discomfort and difficulties in learning for their
personal growth (Woolley & Fishbach, 2022; Zepeda et al., 2020).
But to the extent that the negative side effects of errors can be mit-
igated, learners may be more amenable to actively engaging with
them. Moreover, better emotional self-regulation when learning
from errors leads to better transfer (Keith & Frese, 2005). To pursue
this line of questioning, future work could examine how deliberate
erring impacts learners’ emotional and motivational states and, in
turn, their learning.

At the same time, effective learning strategies can only exert their
benefits when they are actually used. If students do not recognize or
believe that deliberate erring is beneficial and thus choose not to use
this learning strategy, then they cannot profit from it. Indeed, this
perplexing problem also plagues several other effective but underuti-
lized learning techniques such as retrieval practice (e.g., Karpicke et
al., 2009; Rivers, 2021), interleaving (e.g., Wong et al., 2020, 2021;
Yan et al., 2016, 2017), and learning-by-teaching (e.g., Fiorella &
Mayer, 2013; Lim et al., 2021; Wong et al., 2023). To support learn-
ers’ self-regulated use of deliberate erring, it is worth investigating
why they perceive this learning strategy as less effective. As our
data clearly show, personal experience with deliberate erring is not
enough to dispel learners’ metacognitive illusions. Rather, based
on the sources of learners’ (mis)beliefs, future training protocols
could explore how learners can be guided not only to acquire knowl-
edge about effective strategies such as deliberate erring, but also to
develop a belief that these strategies benefit them, while committing
to and actually formulating concrete plans for implementing them in
their learning (McDaniel & Einstein, 2020; McDaniel et al., 2021).

Conclusion

The wisdom of learning from our errors has long been incontro-
vertible, although deliberate errors are only beginning to be studied
systematically. The present study is a first inquiry into enhancing
mathematical learning using such errors. We found that deliberately
committing and correcting procedural errors during problem-solving
practice improved students’ transfer of the learned mathematical pro-
cedures. This benefit generalized across transfer questions that were
structurally more complex or embedded in “real-life” scenarios, and
held over errorless repeated practice and spotting, explaining, and
correcting others’ errors in incorrect worked examples. Our findings
highlight the rich and colorful nuances of different errorful learning
methods and expand our repertoire of approaches to harness the
power of errors for improving mathematical problem solving and
transfer in education.
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